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1. INTRODUCTION 



A new scheme to study the XXZ spin chain in massive regime is in- 
troduced by Davies et al in [Ij. In this scheme, which is called "quan- 
tum symmetry approach" , the space of states is identified with some 
U q (Ai )-module. Under this identification, the XXZ Hamiltonian can 
^ ■ be constructed on this module as an operator which commutes with the 

action of U q {A{ ). Furthermore, the row transfer matrix and creation 
'. (annihilation) operators can be constructed by using vertex operators. 



In a similar way to [1J, the higher spin chain |2| and the models 
related to the vector representation of U q {A$) §, U q (B$p), U q (D^) 
|| are studied. In this paper, we consider the model related with the 
spin representation of U q (D$). 

In physics the model that we consider here is explained as follows. It 
^ ■ is a one dimensional quantum spin chain model constructed from the 

spin representation of U q (D^). The Hamiltonian acts on the space of 
the infinite tensor product 

where vjf^ denotes a copy of spin representation V^ + )(see Section 2.4). 
The explicit form of the Hamiltonian is given by 

H = V hk+i,k, h k+ i,k = • • • <£> id v (n) <8>/i <8> id <„> <g> • ■ ■ , 

kez k+2 

h = -(q-q- 1 )z^PR(z)\ z=1 , 
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where hk+i,k ac ts non-trivially only on the (k + l)-th and the k-th 
component. The operator R(z) is the R-matrix 

R(z 1 /z 2 ) : Vj 5 ® — > If' ® V^, 

and P denotes the transposition i.e. P{y ®w) = w®v. 

In quantum symmetry approach, the problem is formulated as fol- 
lows. Consider the space of states as U q {D^>) -module 

X,fi 

where A and \i are level one dominant integral weights, V(A) and V^(A)* a 
denote the irreducible highest weight module with highest weight A 
and its antipode dual (cf. We use vertex operators associated to 
C/ g (i}W)-rnodules V}® in order to construct the transfer matrix (the 
Hamiltonian is obtained from the transfer matrix T(z) as follows: 7i = 
—(q — q~ l )zd\ogT(z) / dz\ z= i) and creation (annihilation) operators. 
Here Vj k ' is the affinization of V^ k ' that is the following representation 
of the "derived subalgebra" U' q (D^>) (see section 2): 

the vector representation, 
y{k) (fc = 2, • • • , n — 2) the fusion representation, (1) 
y( n ) the spin representation, 

The row transfer matrix and creation (annihilation) operators are 
constructed by using vertex operators for V} h > and its dual modules 
y{k)*a Vertex operators for these modules are defined by the follow- 
ing L/ g (D^)-homomorphisms: 

(type I) *Z VW (z) ■ V{X) — V(p) ® V}*>, 
(type II) <£>f > : V(X) — > V™ ® V(»). 

(type I) ^ V(k>a±1 (z) : V(X) — > VQi) ® ^* a±1 , 

(type II) $f fc) * a±1 "(z) : V(A) — > y«* a±1 ® V(/x). 

Commutation relations of vertex operators give us commutation re- 
lations of the transfer matrix and creation (annihilation) operators, 
and then the excitation spectra of the Hamiltonian TC. In fact, we can 
show that vertex operators have the following commutation relations: 



where ® p (z) is the theta function given by 

oo 

e p (z) = (z;p) 00 (pz~ 1 ;p) 00 (p;p) 00 , (z;p)oo = Y[(l ~P l z), 

i=0 

and [x] denotes the greatest integer not exceeding x. The explicit 
form of r( k '(z) is crucial to calculate the excitation spectra. From 
this formula, we can give explicit forms of the energy eW(0) and the 
momentum p^ k \9) with the rapidity variable 9, 

e -*P«W =T (*)( 2 ) ) e W(^)=-( g - g - 1 )^logrW(z), - 2 = e 2 ^ e . 

To prove the commutation relations (J2|), it is enough to show that the 
vacuum expectation value of the both sides in (H) are equal (see section 
5.1). Since the vacuum expectation values satisfy the q-KZ equation, 
we can obtain their explicit forms by finding appropriate solutions of 
the q-KZ equation (cf. [|TJ). 

Here we state some comments about excitation spectra. By taking 
the scaling limit as in || and ||, we have the following relativistic 
spectrum: 

PW(6) = 2fian(-^—)Bh(v), E^{9) = 2usin(^— ) ch(v), (1 < 
2?7/ — 2 2/i — 2 

p(fc) (0) = ^ sh(t») , (0) = /i ch(t>) , (k 

where p(fe)(0) ) £(*)(0) and v can be considered as an appropriate scaled 
version of p^ k \9), e- k '{9) and 9 respectively. These spectra are ex- 



actly same as those of the nonlinear sigma model in |L0| . Furthermore, 
this spectrum coincides with the mass spectrum of the spin chain con- 
structed from vector representation of U q (D^) in ||. 

In general, the structure of the space of states turns out to be quite 
different when we change the region of the parameter q in the Hamil- 
tonian so we have to discuss the region where we can use the iden- 
tification ([I]). We are not able to determine this region at this point, 
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and we only state a conjecture. The region where the identification ([I]) 
is effective is given by 

-1< q < 0. 

These kind of conjectures are already given in ||, pi. Let us consider 
the case of n = 3, then U q (D^) is isomorphic to U q (A^) and the 
spin representation of U q (D^) is the vector representation of U q (A]p). 
The model related with the vector representation of U q (A^) is studied 
by Date and Okado in M, and our conjecture coincides with theirs 
when n = 3. In this U q {A^')-case, the validity of "quantum symmetry 
approach" on this region is supported by Bethe Ansatz results ||, 
however in our case, as far as the author knows, there is no similar 
Bethe Ansatz result to support the conjecture. 

This paper is organized as follows. We prepare the notation and 
give the definition of the quantum affine algebra U q (D^) in Section 2. 
In the same section, we construct the spin representations of U q (D^) 
and its R-matrices. By using these R-matrices, the fusion represen- 
tations are constructed in Section 3. We also give explicit forms of 
the R-matrices corresponding to the fusion representations there. In 
Section 4, we give vertex operators for the modules constructed in the 
previous sections and get two point functions. Commutation relations 
of vertex operators are obtained in Section 5. In the same section, we 
further make a comment on a relationship between excitation spectra 
and fusion procedures. In Section 6, we describe the formulation of the 
model. Finally, in Appendix, we give a detailed explanation on calcu- 
lation of two point functions, and construct an isomorphism between 
the fusion representation and its dual. 

1.1. Acknowledgment. The author would like to express his grati- 
tude to Prof. M. Okado, Prof. K. Nagatomo and Prof. E. Date for 
their valuable advices. He also thanks to Prof. T. Nakanishi for his 
comment about relation between fusion and excitation spectra. Fur- 
thermore he expresses his thanks to Prof. M. Ikawa for giving him 
continuous encouragements. 

2. Spin representations of the quantum group U q (D^) 

2.1. Notation. In this paper, we use the same notation in ||11|| . Let 
be the affine Lie algebra of type and g = n_ © f) © n + be 
the triangular decomposition. Let a«, a{ = hi, (i = 0, 1, . . . , n) be the 
simple roots and the simple coroots and Aj be the fundamental weights 
i.e. (Aj, hj) = 8ij. We denote the scaling element and the center by d 
and c then we can choose elements hi, hi, ■ ■ ■ , h n , c and d as a basis of 
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the Cartan subalgebra f). Let us define special elements p,5 £ ()* by 

p = J2i=o A; and 5 = a + a\ + 2a 2 H h 2a n _ 2 + a n _i + a n . We also 

denote by h v the dual Coxeter number, in .D^-case, this is equal to 
2n — 2. The invariant bilinear form is normalized by (ojj|aj) = 2. Let g 
be the Lie algebra of type D n , underlying the afhne Lie algebra g. For 
A e f)*, we denote by A the restriction to the finite part. We can write 
aj, Aj and p by using orthonormal basis {u>i, . . . ,u> n } of f)* (cf. f|TT 
as follows: 



a. 



A; 



2p 



(1 < % < n- 1), 
U = n), 



1(^1 + 



+ j ( 1 < i < n - 

■ ■ + o; n _i — o; n ) (i = n — 1), 

t f(wiH hcu„_i+^ n ) (i = n), 

(2n - 2)wi + (2n - A)uj 2 H h 2u; n _i. 



2), 



(3) 

(4) 
(5) 



Let us denote a\, <f 2 and cf 3 the following Dynkin diagram automor- 
phism: 



(Ji : 


i-vertex 


(1 — z)-vertex 


(i 


= 0,1), 




i-vertex i— 


-> i- vert ex 


(i 


= 2,3, ••• ,n), 


<?2 ■ 


i-vertex 


— > z- vert ex 


(i 


= 0,1,-.. ,n- 2) 




2-vertex i— 


-> (2n — z — 1)- vertex 


(i 


= n — 1, n), 


<?3 : 


z-vertex i— 


—>■ (n — i)-vertex 


(i 


= 0, 1, • • ■ ,n), 



and further we extend the action of these automorphisms to the weight 
lattice P := ©™ =1 ZAj by cr fc (Aj) = A CT - fc (j). We also use the following 
notations: 



inj 
z 



g — 
q-q- 



Ik 



J 9 



[jUj - 1], ■ • • [i]< 



q 
q 



2(h v +l) 



2.2. Definition of the quantum group U q (D^). The quantum 
group Ug(g) is the associative algebra over Q(q) with generators e^, 
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/i, U = q hi (i = 0, 1, • • • , n) and q d . The denning relations are 

f. P f- 1 — n ( a i\ a j) P . +. f.f- 1 — n -( a i\ a j) f. 

u - tl 1 

V-'ii fi\ ^i j r, 

q — q- 1 

dej - e^i = fifj - fjfi = (if {a^oij) = 0), 

^(ej) 2 ~(q + q~ x )e 3 e l e j + (e j ) 2 e l = 
/i(/i) 2 -(? + ?- 1 )/i/*/i + (/i) 2 /* = ij - 

This algebra U q (g) has the following Hopf algebra structure: 

A (a) = e* <g> 1 + f* <g> e*, A(/i) = £ (g) tr 1 + 1 <g> 
A = (8) ti, A(g d ) = g d <g> g d , 
a(ei) = -t^ei, a(fi) = -fiU, a(U) = t~\ a(q d ) = q~ d . 

We denote by U q (n+) (resp. C/ ? (n_)) the subalgebras of which 
are generated by ej (i — 0, 1, . . . , n) (resp. /j (i = 0, 1, . . . , n)) and also 
denote by U'(q) the subalgebra generated by e*, /j, tj (i = 0, 1, . . . , n). 
For any U q (g)-modu\e (ir,V), we can define i7 g ({j)-module structure 

(vr z , V z ) by 

V^QOz)^- 1 ]®^ 

7r z ( ei )(z n (8)u) = z n+Si '° ®7r(e>, 

7r,(/ i )(^<8)u) = ^-* i - (8)7r(/ i )u, (6) 
TT z (U)(z n ®v) = z n <g> n(ti)v, 
n z (q d )(z n ®v) = (qz) n ®v, 

and this t/ 9 (fl)-module (7r z , K) is called the aflinization of (ir, V). 

The Dynkin diagram automorphisms can be extended to algebra 
automorphisms of U' q (g) as follows: 

di(xi) = xi-i(i = 0, 1), (fi(a:i)=Xi (i = 2, 3, • • • , n), 

cf 2 (xj)=Xi (i = 0, 1, • • • ,n - 2), <7 2 (xj) = x 2n -i-i(i = n - l,n), 
<f 3 (xi) = a; n _i(i = 0, 1, • • • ,n), 

where X{ stands for or tj. 
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2.3. R-matrices. Let (ir Wl ,Wi) and (n W2 ,W 2 ) be finite-dimensional 
[/'(g)-modules. An operator R{z\/z 2 ) G End(Wi <8> W 2 ) is called R- 
matrix if it has the following intertwining property: 

= «* ® < 2 ) A' (z)^^/^) (s e t/ 9 (g)), 

where A' = PoA. 

Let (tt 1 ^ 3 , W3) be the third representation of ^'(0). The R-matrices 
satisfy the Yang-Baxter equation on W\ (g> W 2 ® W 3 , 

R w ^(z 1 /z 2 )R w ^(z 1 /z 3 )R w ^(z 2 /z 3 ) 

= R w *> w *(z 2 /z 3 )R w ^(z 1 /z 3 )R m > W2 (z 1 /z 2 ), ib) 

where R w *' w i acts non-trivially on the i-th and the j-ih components. 
The modified universal R-matrix IZ'(z) is defined by 

K'(z) = q-EU^'Ez^UMQuLp (E ^(g)®il' q (g)), 

P,i (9) 

where {up ti } (resp. {mA^}) are dual bases of weight j3 (resp. —(3) 
component of the subalgebra U q (n + ) (resp. Z7 g (n_)) and ® means com- 
pletion in formal topology with respect to the weight decomposition of 
U q (n+) (cf. 0). In the same way as 0, we can determine the image 
of the modified universal R matrix under the representation 

n m ® 7i W2 : E/J(fl)®U;({|) — > End(3U 1 ® 2U 2 ). 

If our R-matrix on Wi ® is uniquely determined up to multiple 
scalar factor then the image of 7Z'{z) has the following form: 

(tt Wi <g> 7r W2 )(ft'(z)) = /3 Wl ' wra (z)i2 Wl ' Wa (z). (10) 

To calculate the scalar factor /3 u 2 (z), we have to obtain the explicit 
form of a scalar function appeared in the second inversion 

relation: 

^-^(^(((^.^(^-l)*!)-!)*! = (g"2P ® l) J R^^(r^)(g 2/ ' ® 1), 

(11) 

where the symbol ii means the transpose in the first component. It 
is known that the scalar function for the image of 7Z'{z) is 

equal to one i.e. 

((((/3 m ' m (z)R Wl ' W2 (z))- 1 ) tl )- 1 ) tl = (q- 2p (g)l)l3 Wl ' W2 (r 2 z)R Wl ' W2 (r 2 z)(q 2p ^l). 
Comparing this equation with (|Tl~D , we have 
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We can determine the explicit form of /3 Wl ' W2 (z) as a solution of this 
difference equation. In the case related with the spin representation, 
more detailed explanation on calculation of a Wl,W2 (z) and (3 Wl,W2 (z) is 
given in Appendix. 



2.4. Spin representations. Let V\i% be a 2-dimensional vector space 
spanned by vectors vi/ 2 and f_i/2 over the field Q(g 1/ ' 2 ). We define 
operators X + , X~ and T acting on Vi/ 2 by 

X + v 1 = f 7 +i, X~t> 7 = Vj-i, Tv-y = g 7 f 7 , 

where if 7 7^ ±1/2 then v 7 = i.e. matrices corresponding to X + , X~ 
and T are given by 

1 



'0 1\ (0 0\ (q* 



00/' 11 or lo 0-3 



By using these operators, we can define a representation of U'(g) on a 
vector space = {V 1/2 )® n as follows §: 





(co) 


= X" 


®X (8) 1 ® • 


• ® 1, 










(to) 


= T- X 


® T" 1 ® 1 ® ■ 


••® 1, 










(Ci) 


= 1 ® 


i-th 

••®1®X + S 


(j + l)-th 

5 X" ®1® 


•••® 1 


(1< 


i < n 




(*) 


= 1® • 


i-th 

••® 1® T ® 


(i + l)-th 

T- 1 ®1®- 


• • ® 1 


(1< 


i < n 






= 1 ® 


• • • ® 1 ®x + 










7T (SP) 


(*n) 


= 1 ® 


■ ■ -® 1®T® 












(/<) 




(*)*■ 











■$2) 



We denote a vector w 71 ® • • • ® v ln E by U( eii ... )£ „) (e* = sgn(7 fc )). 
The weight of the element U( E1) ... )Sn ) is given by Z)™ =1 6^/2, where {oJk} 
is the orthogonal basis of ?)*. Let and W - ** be the subspaces 

spanned by {v( E1 ,„. )Sn )| U7=i £ i = +} and {%i,...,e„)| Il"=i e< = -}, then 
we can easily show that they are irreducible submodules. These irre- 
ducible representations are called spin representations and are denoted 
by (ttW^W). 

There exists isomorphisms of i7 9 (£j)-module (cf. 0) 

C {s P ) . y(sp) _^ (y{sp)ya±\ (13) 
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We denote the restrictions of C± p ^ to the irreducible components 
(resp. VH) by C { ± ] (resp. C ( ± ] ) i.e. 



where e is given by 

+ (n : even), 
(n : odd). 

We can define the action of the Dynkin diagram automorphisms di, 
a% and (73 to the spin representations as follows: 

Cfl(%i,e 2 ,-,£n)) = v {-ei,e 2 ,-,e n ), 

^2(%l,- ,£«-!,£„)) = %!,- ,£„_!,-£„), (15) 

^3(V(si,E2,-,en)) = U (-en,-,-e2,-Ei)- 

2.5. R-matrices related with the spin representations. In this 
subsection, we describe recursive forms of the R-matrices related with 
the spin representations. In ||, the R-matrices related with the spin 
representations of U q (B^) and U q (D^) are determined, and the R- 
matrix for U q (B^) is recursively expressed by using the one for U q {B ( ^l l ). 
We give a similar recursive relation in the case of U q (D$). 
We normalize the R-matrix R y{ei) ,y{e2 \z) by 

R (*M+,+,...,+.ei) ® u (+,+,...,+,ea) = ® V(+,+,.„, + , ea ), 

and denote this R-matrix by i?^ 1 ' 62 ^) where n stands for the rank of 
g. Expressing the rank of g clearly, we denote the spin representations 
by Vj^' only in this subsection. In order to describe recursive 
formulae of R-matrices, we consider an isomorphism of vector spaces 

vt ] ®vt ] ^ E QteKi,^ ® (Vn-1 ® v£%), (i6) 

7?1,?72=± 

which maps 

where we denote ® t> Ml by v Vl ^. We put 

, . g(l — z) . 1 — q 2 , , 6(2) 

a W = T 2^> 6 ( z ) = l V' c (* =44- ( 17 ) 

1 — g z z 1 — g z z 0(2;) 

By using this isomorphism, we have the following expressions of R- 
matrices: 
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for n > 2 

R^ £ \z) V++ <g> = <g> ife^K-i, 

= w+_ <g) a(z)^i £ l7 ) (? 2 ^) M n-i + v -+ ® zb(z)R ( n ^{ e \q 2 z)a n ^ 1 X^l 1 £) u n ^ l , 
= <g> b(z)R^L 1 £ \q 2 z)a n _ 1 X { -_T ) u n - 1 + <g> a(z)R { -_T ) (q 2 z)u n _ 1 , 



R ( £'- e) (z)v + -®u n - 1 

i^ £ '- £) (z)?;_ + ®u n _l ( 19 ) 

= v + _ <g> c(z)R^I(q 2 z)a n ^ 1 X ( r - £ {~ £) u n -i + «-+ ® i£T e) (g 2 *K-i, 
for n = 1 

^ £ ' £) (z) = l, R[ £ >- £ \z) = l, 

where an involution a n is defined by 

&n{v (£!,-,£„) ® ^(771,- ,??„)) = %i,-,e„-i,-e„) ® ^(771,- ,r) n _i,-jj„) , 

and X^ £l < £2 ) is a linear operator on ® V^ £2 ^ that is defined induc- 
tively as follows: 

for n > 2 

X( £1 ' £ V+ <g) « n _! = V ++ ® Xt'l^Un-i 

X^ £l ' £2) w_ + <g> m„_i = ® <T„_iM n _i - ® ^I £l ' £2) u n _i, (20) 
for n = 1 



x{ £ ' £) = 0, x{ £ '- £) = 1. 



We denote by a^ 1,£2 \z) the scalar function a v Sl ' v * 2 
Then we can find 
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a 



(ei,£2) 



«=i 



i=l I 1 



l-g- 4j+2 z)(l-g 



-4n+4i+2 , 



(ei = £2) 



(£1 + £2) 



(21) 



y(«i) y02) 



z) in (1. 



This fact is proved in Appendix A. 

We also denote by (3^ 1,S2 \z) the scalar factor (3 
By using the explicit form of the function a^ 1 ' e2 \z), we can show (see 
Appendix B) 



(ei,e 2 ), 



Z = < 



_^ {q^- 2 z-e)oo{q Ai - 2 ^e)oo 

rn— li 

{q ±n-^ z . e)oo{q ±i z . e) 



n 1 1 

g 4 + 2 



n 



L (? 4n-4 i -2 z . e)oo(g 4i-2 z . e)c 



(£1 = £2), 

(22) 
(£1 ^ e 2 )- 



3. Fusion construction 

We construct the fusion representations and R-matrices related with 
them. 



3.1. Construction of V^ k \ Since and ) are the highest weight 
modules corresponding to the highest weights A n and A n _i as U q (g)- 
modules, we denote and by and V^ n ~ l \ We also denote 
R^' +) (z) and fl^+f by R {n ' n \z) and i^" 1 )^) respectively. 

The R-matrix R^ n ' n \z) (resp. i?*- n ' n ~ 1 )(z)) have a pole of order one 
at z = q~ 2n + 2k + 2 (k = n (mod 2)) (resp. z = q- 2n + 2k + 2 {k ^ n 
(mod 2)) ) for all k = 1, 2, . . . , n — 2. We eliminate these poles by 
multiplying an appropriate scalar factor to the R-matrix as follows. 



n). 



i=l 



r "-l i 



fl (n ' n - 1) (z) = (1 - q M z)R^ n ' n ~ 1 \z). 



12 



By using these R-matrices, let us define operators (1 < k < n — 2) 
by 



R (n,n)( g -2n+2k+2} £ Elld(V^ g> (k = Tl (mod 2)), 

jR (n,n-l)^-2n+2fc+2) £ End (y(n) g) ^fa" 1 )) (k^Tl (mod 2)). 



T (fc) 

The following function </?( n ) : N — > {n — 1, n} is useful in this section: 

in (^even), 
In — 1 (z : odd). 

We introduce a vector space 

yik) = ( V {n) ®V {n,) )/kerT {k \ 
where 1 < k < n — 2 and n' = Lp( n \n — k). We define an action of 

: U' q (g) — ► End(^ ® QjM), 

by 

then we have the following proposition. 
Proposition 3.1. For all x E U'(q), 
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(x)kerT (fc) C kerT (fc) . (24) 

Then tt^ induces a representation of U'Jq) on V^ k \ 

Proof. Let v be an arbitrary element in kerTW. By means of the 
intertwiner property of the R-matrices in (|7]), we have 

T^k?\x)v = R^ n '\q- 2n+2k+2 ){^ qrn+h+lz ® ^ )Mm ) A (x)v 

= {*tXr^ ® 7r (-'i)»-*-iJ A ' (x)R {n > n '\q- 2n+2k+2 )v 
= o, 

for all x G U' q {Q). Then ^\x)v e kerT^. Q.E.D 

We define an action of q d on which is a representation of U'Jq) 
induced by the above tt^ as similar to (§) and denote it by (tt^, V^). 
The following isomorphisms of f/ 9 (0)-module are known in ||: 

c {k) . K W (K ( fe)) ^ (A: = 1, 2, ■ • - ,n — 2). (25) 
Explicit forms of are given in Appendix. 
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3.2. R-matrices related with V^ k \ For k = 1, 2, . . . , n — 2, we ex- 
plicitly construct R-matrices on V {k) <g> K (n) , g> \/ (n - 1} , K (n) <g> V (fc) 
and 7 (n_1) <8> V {k) (see ©). Let m be n orn-1. We define operators 

R (m ' k \z) G End(\/ (m) <g> V (n) ® \/ {n,) ), 
G End(K {n) <g> 1/ (n,) <g> 1/ (m) ), 

by 

= J R( m '"')((-g)- n + fc + 1 z) 1 3 J R( m '"')((-g)"- fe - 1 2 ) 12 , 



(s) = R^ m \(-q)- n+k+1 z ) 13 R {n '' m \(-q) n - k -h 



123, 



where n' = ip^ n ' (n — k) and the subscripts of these R-matrices indicate 
the components that each operator acts on, that is, Rij non-trivially 
acts on the i-th and the j-th components. 
Here we will show that 

R {m ' k \z){V {m) <g>kerT (fc) ) C V {m) ® ker T {k \ 

and so R^ m ' k '(z) (resp. R^ k,m \z)) define operators on V^ m ' <g>V( k > (resp. 
y(k) g, y{m)y In fact? for ar bitrary v G V (m) ® kerT^, by using the 
Yang-Baxter equation we have 

(z)v 

= i?( n '"')( g - 2n+2fe+2 ) 23 ^ (m ' n ' ) ((-g)-" +fe+1 z)i3^ (m ' n) ((-g) n_fe ~ 1 z)i2^ 
= ^ m ' n ) ((-g) n - fe - 1 ^)i 2J R (m ' n ' ) ((-g)-"^ 1 ^^^ 71 '^ (g" 2n+2fc+2 ) 23 ^ 
= 0. 

Hence (id®T^)R( m ' k \z)v G \/ (m) ®kerT^. We can prove 

R {k ' m) (z)(keiT (k) ® V (m) ) C kerT (fe) <g> \/ (m) 
similarly. Then we have 

Proposition 3.2. R^ m ' k \z) and R ( - k,m >(z) are well defined as opera- 
tors acting on 

y{m) g, y(fc) flnrf y(fc) g y(m) respec ti ve ly. 



Operators R^ m,k \z) and R^ k,m \z) satisfy the intertwining property 
(0) i.e. they are R-matrices on V {k) <g> V {m) and V^" 1 ) ® V {k) . 

Proposition 3.3. For all x G U q (o), 

R^ k \z x /z 2 ){^®^)^{ x ) = (tt^ ® tt«) A' (s^'WOW 
i^™)^/^)^) ® ttM) A (x) = (tt^ ® tt^) A' {x)R {k ' m) { Zl /^) 



Proof. Here we only prove (p6|) . We denote 

(A g) id) (a;) = (id®A)(x) = ® x (2) ® x (3)- 

For all x G f/ 9 (fl), 

= R (m ' k \zi/z 2 ){j:4T ) (x {l) ) ® ttW^))} 

= ^^((_ 5 )-«+fc+l Zl /^) 1 g^,»)((_ g )n-*-l Zl / ;82 ) 12 

x {E*S°(*(U) ® vr ( W g) -„ +fc+l22 (x (2) ) ® ^,,^,(1(3))} 

= J R (mX) ((-g)- n+fc+1 ^l/^)l3{E^r ) (^(2)) ® VT ( %_„ +fc+l22 (x (1) ) ® TT^-^^W)} 

x ^ (m,n) ((-g) n -*- 1 ^ 1 /z 2 )i2 
= (E^T^s)) ® ^-gj-M-fc+ia^Ca)) ® T( ( -2)n-*-i iga (a;(i))} 
x^')((- ? )-+ fe+1 ^/^) 13J R^((-g) n - fc - 1 1 /0 2 ) 12 

= (E^r ) ( 3; P))®< , ^(i))}^ ) ( 2 iM) 

= (tt^ ® Trff) A' (x)i^(^ 2 ). 

Q.E.D 

For our aim of finding commutation relations of vertex operators, it 
is enough to consider R-matrices in the cases listed below (see Section 
4.3): 



I 




<8> 


V(i) 


n:even 


/c:even 


II 








n:odd 


/c:even 


III 




® 


y(»i-i) 


n : even 


/c:odd 


IV 




® 


y(n-l) 


n:odd 


/c:odd 


V 




® 




rz:even 


/c:even 


VI 


y(n) 






n:odd 


/c:even 


VII 


y(n- 


-i) 


® v ( - k) 


n:even 


/c:odd 


VIII 


y(n- 


-i) 




n:odd 


/c:odd 



where 1 < k < n — 2 in all these cases. 

Let vffl be the highest weight vector of the fundamental represen- 
tation V^ k \ We normalize R-matrices such that the eigenvalues of 
elements ® u^™* (resp. (g> u^) for R^ m \z) (resp. ^ m,fe )(z)) 
are equal to one, then we have 
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I and II R^ n \z) = a{q Ai -\-q)- n+k+1 z)- l R^ n \z), 



III and IV R^ n - l \z) = f[ a(g 4i ~ 2 (-g)- n+fc+1 2)- 1 J R( l A; ' n - 1 )(z), 



«=i 



V and VII R^' k \z) = [] a(q 4i -\-q)-' n+k+1 z)' 1 R^ k \z) , 



«=i 



VI and VIII i4 m >*°(>) = a(g 4i_2 (-qO~ n+fe+1 *)~ 1 - ? 4 m ' ,!) (*), 



i=i 



where m = and a(z) = g(l —z)/(l — q 2 z). 

We denote the scalar functions a v(k) ' v(m) (*), a vW ' vW (s), {3 v(k) V [m) (z) 
and /3 Wm) ' W * } (z) by a^ m \z), a^ k \z), (3 {k ^{z) and (3^ k) {z). In a 
similar way to Section 2.6, we can show 

;i + (-i) n -vr 1/2 *)(i + (-i) n - k q- k ^- 3/2 z) 



ag> m \z) = a^ k \z) 



[I + (-l)"-V fe £~ 1/2 z)(l + {-l) n ~ k q k ^-^ 2 z) 



2\ 



Bik , m)(z) = fl(™.,k)( z \ = a -t (-(-ir~ k g k e /2 z; e 2 )oc(-(-i)- v fc e 3/2 ^; e 

Pn K ' Pn ^ ' q (-(-l) n - k q- k t l/2 z;e)oo(-(-l) n - k q k e /2 z;t 2 ) 

4. Vertex operators and two point functions 

In this section we define vertex operators and calculate two point 
functions. 

4.1. Vertex operators. Vertex operators are the following homomor- 
phisms of [/q(g)-modules: 

(type I) K V{k \z) : V(X) — > V{n) ® Vj k \ 

(type II) $f^(z) : V(X) — F« (8 V{p) t 

where V(fi) denotes the completion of V(/x) in the formal topology with 
respect to the weight decomposition of V{ji). (cf. [|J) The spin repre- 
sentations have level one prefect crystal (cf. 0), then our model can 
be constructed by using the vertex operators with level one dominant 
integral weight A and //. Here we remark that the level one dominant 
integral weights are only A , A 1; A n _! and A n in D£> case. By using 
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conformal weight Aa = ( A | A + 2p)/2(h v + 1) (for the level one dom- 
inant integral weights we have Aa = 0, A\ t = 1/2, Aa„_ x = n/8, 
A\ n = n/8), we multiply z a,1 ~ Aa to vertex operators as follows: 

^ k) ^ Z )=z^- A ^r ) ^z). 

When we express the image of the highest weight vector |A) G V(X) 
under $^ (z) as a linear combination of the weight vectors of V(fi), 
we call the coefficient of the leading term of $^ (z) i.e. 

^ x v(k \z)\\) = \u)®v + --- , 

where v G V^ k ' is the leading term. Here we put 

(y {k) y x = {v G V {k) \X = n + wtv (mod 5), ei {h ^ )+1 v = 0, foralH}. 

From the following proposition, we can know when non-trivial vertex 
operator exists. 

Proposition 4.1. [|[ The mapping to send a vertex operator to its 
leading term gives an isomorphism of vector space: 

{n Vik \z) : V(\)^V(»)®VW}^(VWr x . 
Then for a given vector v G (V^)^, a vertex operator which satisfies 

<i>» v(k \z)\\) = \ri®v + ---, 

uniquely exists. We will normalize vertex operators by specifying the 
leading term v. 

In the case of U q (D$p), 

dim{V {k) K = or 1. (28) 

Therefore if there exists non-trivial vertex operators then it is unique 
up to multiple constant. Only in the following cases, non-trivial vertex 
operator $^ y( ) (z) exists. The existence and uniqueness conditions for 
type II vertex operators are exactly same (cf. ||): 
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A 




k 




A 




k 


An 


A 


n 








A 


A 


1 < k < n- 


2 : 


even 


A n 


Ai 


n — 


1 






Ai 


A 


1 < k < n - 


2 


odd 


A n _i 


A 


n — 


1 






Ai 


Ai 


1 < k < n- 


2 : 


even 


A n _i 


Ai 


n 








A 


Ai 


1 < k < n - 


2 


odd 


A 


A n 


n — 


i 






A n 


An 


\<k<n- 


2 : 


even 


A 


A n _i 


n + i 




1 




A n _i 


A n 


1 <k <n- 


2 


odd 


Ai 


A n 


n + i 




1 




A n _i 


A n -l 


1 < k < n - 


2 : 


even 


Ai 


A n -1 


n — 


% 






A n 


An-1 


1 < k < n - 


2 


odd 



where i = if n is even and z = 1 if n is odd. 



After the normalization of three vertex operators i> A ° (z), $ A ° (z) 

and $ A ° (z), the normalization of the others can be determined 

by using Dynkin diagram automorphisms in the same way as ||. Here 
we can choose arbitrary normalization of the above three vertex oper- 
ators, and so we fix the normalization as follows: 

|Ao)® «! + ■•• , 

|A ) ® v 2 H (k : even), 

|Aq)®U3 + --- (A;: odd). 

The leading terms V\, v<i and V3 are given by 



^r (fc) wiAo) = 
^r (fc) wiAi) = 



Vl = «(+,+,...,+), 



f 2 = 51 



(n,k) (n— fc+2m) 



m=0 

fc-i 
2 



(29) 



V 3= J2 C >n '-+ "»-] 
m=0 



(n-fc+2m) 



where 



m— 1 



q-2ti+l)h _|_ g2m-2j) 



11 ^ _|_ ^2n-2fc+4j^]^ _j_ g2n-2fc+4j+2^^ _ g2n-2fc+2^ 



and ^ is inductively defined by 
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for n > 2, 
,(*) - _ 



(-?) 



-Ti+fc + 2 



(l + g 2fe )(l + g 2fe + 2 , 

f_g)-i+fc+2 



- ® ^n-iwi- _ i 1} } (l<A:<n), 



{?;+_ <g> uJJi 15 - (-g) 
— q) k ~ l v . 



(0) 



it 



(l + q 2k )(l + q 2k + 2 

+ (-q)- n+k {v + 
{-q)- n+2 



-fc-i„ 



t7„-l<_l } 



u n-l 



(fc-l)-i 



{«+- ® Wn-i - (-g) 



(1 + g 2 ) 



(7, 



A} 







for n 



(k) = = o 



(1 < fc < n), 

(fc=0), 

(* = 0), 
(k > n ot k < 0), 



(fc) 



~(fc) 



v +- (k — 1)) w i 



(fc) _ „-,( fc ) 



0(^1). 



<" )A °< 

■A ^ 
sV< fc ) A , 



$xr A °(^)iAn) 



$xr Ao (^)iA ) 



^r Ao (^)i A i) 



The normalization of type II vertex operators are given by 

vx <8> |A ) + • • • , 

v 2 <8> |A ) H (fc : even), 

u 3 ®|A Q )+--- (A;: odd), 

where the leading term v±, v 2 and v% are the same ones in (E9). The 
normalization of the other cases is given by Dynkin diagram automor- 
phisms. 

4.2. Vertex operators for dual modules. By using the isomor- 
phisms C± (k = 1,2, •■■ , n), we can construct vertex operators for 
dual modules. These isomorphisms are defined in fl25|) for k — 1, 2, • • • , n— 

2 and C { i 



(n-l) 



Ci _) and Cl 

•(fc'; 



(n) 



(see (Q)). Here we denote by k' 
the number such that is isomorphic to (Vj k ^)* a±1 as {7 9 (g)-module, 
i.e. 



k' 



'k 


(1 < k < n - 


2), 




n — 1 


(n : even, k = 


- n - 


-1) 


n 


(n : even, k = 


~- n), 




n 


(n : odd, k = 


n — 


1), 


n — 1 


in : odd, k = 


n). 





Thanks to Proposition 4.4 and (|28|), the fact that are iso- 

morphic to (yj k ^)* a±1 leads that if there exists the vertex operator 
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$f ' {z) then it is unique up to multiple scalar factor. Therefore 
we have 

$i yW) * a±1 "(*) = (const.)(cP ® id)$f '> "(z^ 1 ). 

In order to construct the transfer matrix and the creation operator, it 

is enough to consider type I vertex operators $^ (z) for k = n 

and type II vertex operators ^ ^(z) for k = 1, ... ,n. (see 
Section 6) 

Let {(v ( ei ,...,e„))*} be dual basis of {% lv .. j£n )}. We give the normal- 
ization of the vertex operator <f>^° ^ ^ (z) by 

(yMra±1 W|An) = |A > ® («(_,-,..,-))* + ■ •> 

and the other vertex operators are normalized by an appropriate Dynkin 
Diagram automorphism a as follows: 

*%£) mM)) "*\m*n)) = l-(Ao)> ® (™(-,-,.,-))* + • • • • 
We normalize vertex operators of type II such that 

$r )r " v w= S (id^)$r' v (^), 

where s is a constant defined by 

'(_l)[f]+*(n-fe) (A = Ao, A 1 andJfe = n-l,n) 
(-l) fc ("-*) (A = A , Ai and k <n-2 

1 (others) . 

We remark that the constant s is defined as above so that the scalar 
factor r^ k \z) in the commutation relation fl68|) does not depend on the 
fundamental weights A and //. 

4.3. Two point functions. We calculate the following vacuum ex- 
pectation values of two vertex operators (two point functions). 



(typel-I) {®l w \z 2 W x v \z x )) 



(typell-I) K 2V {z2Wx V \zi)) 
(typel-II) ($^ 2 (z 2 )$r^'(z 1 )) (30) 

In the case of type I-I, consider the composition 

V(X) ^> V(fi) ® V Z1 Viy) ® W Z2 ® ^ ^ V» ® ® W^. 



20 



Expressing the image of the highest weight vector of V(A) under the 
above composition as a linear combination of weight vectors with coeffi- 
cients in W Zl ® V Z2 , the coefficient of the highest weight vector of V(v) 
is called vacuum expectation value. Here the subscript of the space 
and in two point function means that the space indexed by 
1 (resp.2) always come in the first (resp. second) component of tensor 
product. Therefore in the case of type II-I and I-II we do not need the 
last transposition, (cf. 0) 

Let R^ w \z) be the image of the modified R-matrix in (|9]). 

Proposition 4.2. [[J Let ty(zi,z 2 ) be a two point function of type I-I 
,11-1 or I-II. Then ^(zx,z 2 ) satisfies the following difference equation 
(the q-KZ equation): 



where p 
A(z) 



^(pz 1 ,z 2 ) =A{z 1 /z 2 )*(z 1 ,z 2 ), 
•V(pz 1 ,pz 2 ) = {q~*® q-' p )^(z 1 ,z 2 ), 
f(h v +i) t ^ = x + v + 2p and 

VW (pz)(q-*®l) 

VW (jpq- 1 z)(q-+ +p ®l) 
-,v,w 



(q- 



dr: 



l)K' W (qz)(q 



(31) 



for type 1-1,(32) 
for type II-I, (33) 
for type I-II. (34) 



Then we can determine two point functions as solutions of the q-KZ 
equation. 

For our aim to determine commutation relations of vertex operators, 
we need to calculate the following four types of two point functions: 



(ii) 
(iii) 

fiv) 



v (VW) 2 . 



:^k (VW,i (*i)> 



(35) 



where k = 1,2, ■ ■ ■ ,n, and all combinations of weights [y, fi', fi, A) that 
non-trivial vertex operator exists are given by 
For n: even 

Table 1 



V 


/*' 




A 


fc 


An 


A 


A 


A n 


n 


An_i 


Ai 


Ai 


A„_i 


n 


A 


A n 


A n 


A 


n 


Ai 


A n _i 


A n -1 


Ai 


n 
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For n: odd 



V 


v! 


n 


A 


k 


K 


A 


Ai 


A n _i 


n — 


1 


A n -i 


Ai 


A 


A n 


n — 


1 


Ao 


A n 


A n -i 


Ai 


n — 


1 


Ai 


A n _i 


A n 


A 


n — 


1 



V 


A*' 


A* 


A 


fc 


K 


A 


A n 


A 


1 < k < 


n — 


2 


:even 


A n _i 


Ai 


A n _i 


Ax 


1 < k < 


n — 


2 


:even 


A 


An 


A 


A n 


1 < k < 


n — 


2 


:even 


Ai 


A„_i 


Ai 


A n _i 


l<k< 


n — 


2 


:even 



V 


M' 


A* 


A 




K 

A 
Ai 


A 
A: 
A n 
A n _i 


A n _i 
K 
Ai 
A 


Ai 
A 

A n 


1 < k < n - 2 :odd 
1 < k < n - 2 :odd 
1 < k < n - 2 :odd 
1 < k < n - 2 :odd 



Table 2 



V 


A*' 


/i 


A 




K 


Ax 


Ax 


A n _i 


71 


An-1 


A 


A 


A n 


n 


A 


A n 


An 


Ax 


n 


Aa 


A„_i 


A n -! 


A 


n 



V 


Ai' 


// 


A 


k 


A n 


Ax 


A 


A n 


n — 


1 


A n _i 


A 


Ax 


A n _i 


n — 


1 


A 


A n 


A n _i 


A 


n — 


1 


Ai 


An-1 


A n 


Ax 


n — 


1 



V 


A^' 


A* 


A 


k 


A n 


Ax 


A n 


Ax 


l<k< 


n — 


2 


:even 


A n _i 


A 


A n -! 


A 


1 < k < 


n — 


2 


:even 


A 


A n 


A 


A n 


l<k< 


n — 


2 


:even 


Ax 


A n -! 


Ax 


A n -! 


l<k< 


n — 


2 


:even 



V 


vl 




A 


k 


A n 

A n -! 

A 
Ax 


A x 
A 

A n 
A n -! 


A n -! 
A n 

Ax 
A 


A 
Ax 
A n _i 

A n 


1 < k < n - 2 :odd 
1 < k < n - 2 :odd 
1 < k < n - 2 :odd 
1 < k < n - 2 :odd 



The following propositions in 0, || are useful to calculate two point 
functions. 
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Proposition 4.3. Let ty(zi,z 2 ) be a two point function of type (i) 
in (|35|). For any i = 0, 1, ■ • ■ , n, 

(tt^ ® Trg)) A' (e^^ 1 ^, z 2 ) = 0, wt z 2 ) = A - P, 

/io/d 



Proposition 4.4. Le£ z 2 ) fre a solution of the q-KZ equation 
(|3l|) A(z) specified by (|32|), i/ien 

<g> z 2 ), (<T* +P ® 1)# (p~ Vi, * 2 ), 

satisfy the equation with A(z) specified by ( |33|) and ( |34"D respectively. 



Proposition 4.5. [|| If aV ® W -valued function w(z) satisfies 

« ® <)A'( ei )< ft -^ +1 W ( 2l /z 2 ) = (i = 0, 1, . . . , n), 

R v ^ \pz)(q-* ® l)tu(s) = r(«)tw(p-z), 

/or some scalar function r(z), then w(z) = P(q~^ ® l)w;(p~' 1 ,2r" 1 ) sai- 
is/ies 

« ® nl)A'(e i )< h ^ +1 w(z 1 /z 2 ) = (i = 0, 1, . . . , n), 
iF' v (p*)(g-* <g> l)w(z) = q^^r^z-^w^pz). 



Proposition 4.6. Lei A, /i 6e /ewe/ 1 dominant integral weights and 
v be a weight vector in V^ k ' . Define a non-negative integer m(A, //; v) 
by the minimal value of m satisfying 

n 

A — fi + E = wt f (mod 

j=0 

mj > (j = 0, 1, . . . ,n). 
If a two point function have a form 

K iv(e))2 {v<k)h (*)> = ^-^- A " E «*( ® 4, 

i 

K^a^zxj z 2 ){z x j z 2 ) mi b-{vi) <g> o(^), 

i 

where a is a Dynkin diagram automorphism and 

mi = m(a(X),a(fi);a(vi)) - m(X, fi; Vi) . 
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Indeed, by using Proposition 4.4, type (iii) and (iv) in (p5|) are de- 
termined from type (i) and (ii). Furthermore we can calculate type 
(ii) from type (i) by virtue of Proposition 4.5. Hence we need to know 
explicit forms of type (i) for each case in Table 1 and Table 2. Thanks 
to Dynkin diagram symmetry of two point functions (Proposition 4.6), 
we obtain the two point functions in Table 1 and 2 from the ones listed 
below. 



For n: even 





V 


n> 




A 


k 


case 


1 


Ao 


A n 


K 


A 


n 






case 


2 


A 


A n 


A n _i 


Ai 


n — 


1 




case 


3 


A 


An 


A 


A n 


1 < k < n 


-2 


:even 


case 


4 


A 


A n 


Ai 


A n -! 


1 < k < n 


- 2 


:odd 


id 




V 


v' 


n 


A 


k 


case 


5 


A 


A n 


K 


Ax 


n 






case 


6 


A 


A n 


A n _i 


A 


n — 


1 




case 


7 


A 


A n 


A 


A n 


1 < k < n 


-2 


:even 


case 


8 


A 


K 


Ai 


A n -i 


1 < k < n 


- 2 


:odd 



Explicit forms of these two point functions are given in the next sub- 
section. 

4.4. Explicit forms of two point functions. 



Case 1 

(i) and (ii) 



n n 



m 



= zfzP^ (n > n) {p- 1 qz 1 /z 2 ){-l)-%qi n ( n - 1) Pu< n 1) 



(36) 



(37) 



iv 



(< (irW)a (^)<" ,)lA *W> = z^zh^\<r^/ Zl )PuV 



(3? 
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Case 2 
(i) 

<*tr~ 1))2 (^r (v(n))i (*)> = ^V^w*)^ 

(39) 

(ii) 

= s?"*^ V^^W^X- 1 ) -5- ^* 2 " -1 ^ -0 ® l)P M (f) (40) 

(iii) 

= z 1 t "^ 2 ~ t ^ (n ' ri - 1) (^ 1 2iA2)(-i) _i+1 g _ ^ (n_1){ " _2) ^4 2) (41) 

(iv) 

(<T 1))2 Ao (^)^r 1 = ^r^V^vv^S 

(42) 

Case 3 
(i) 

(< (y(n))2 (* 2 )<t>t (yW)l (^)) = ^ fy^x/^^W*) (43) 
(ii) 

(^ (yW)2 (^)^ (y( " ))1 (-o> 

= z^^ n ' k \p- 1 z 2 /z 1 )q^ 2n - 1 \z 1 /z 2 )^P(q-' t> ® l)w^' k \p- 1 z 2 / ^) 
(iii) 

(^ (y(n))2 (^)4r ))iA "(-i)) (45) 

(iv) 

(< fc))lAo (^X (y(n))2 (^)) 

= z~ V^^V^i)^"" 1 ^!/^)"^^ ® ^w^ip-'qzj^o) 



Case 4 

Two point functions for the case 4 are obtained from the following 
ones by using the Dynkin diagram automorphism a 2 . 

(i) 

(KlT'^i^t- 1 (y(fc))l (-i)> = z-^^\ Zl /z 2 )w^\ Zl /z 2 ) 

(47) 

(ii) 

x (-l) n -\^ 2n - l \z^z 2 )^P(q-' t} ®l)w^ k \p- 1 z 2 /z 1 ) (48) 

(iii) 

= zPij (n ' k) q^p- 1 qz 1 /z 2 )(q^ <g> l)w^ k \p^ q Zl / z 2 ) (49) 

(iv) 

(< (fc,)iAo (^x (y( "" i))2 (^)) 

— I 1 — 2 
= Z 1 3 2 2 3 8 V (n ' fc) (? _1 ^2/^l) 

x (-l) n - 1 g5g fc(n - 1) (^i/22)" 4 ^(g" ® l)w (n ' fe) (p~W2 2 ) 



Case 5 

(i) and (ii) 



n 1 n 



« (VW)a (^)^ ^ }l (*i)> = £-*^>»\zJz>)v$!> (51) 
(iii) 



n 1 n 



Z 8 2^ 8^(™.™)(_l)-^ g 2(™- 1 )(™- 2 )(p- 1 g 2l /2 2 )P M ( i 2 ) (52) 



IV 



(53) 
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Case 6 
(i) 

(54) 

(ii) 



z}z 2 *^ n - l Xz l /z 2 ){-l)-^q^ 2n - l \q-< t> ® l)Pu^ (55) 



m 



<*t <v "" , ^)*!r ,,, ' s "h)> 

n _n (56) 

= *«z 2 «^( n ' n - 1 )( M - 1 2 1 /^)(-l)-^g-t( n - 1 )p M ( i 1 ) 



iv 



(<_T 1))2 A °(^)^r 1 = z^zh^ n - 1 \ q - 1 z,/z 1 )Pu^ 

(57) 



Case 7 
(i) 

K: {vin))2 (^i: (y(fc))i (.i)) = 2 2 " t v (n,fc) (^/22)«' (n ' fc) (^/22) 

(58) 

(ii) 

(^ (y(fc))2 (^X (F(n))l (^i)) 

-^(^)( p -l Z2 / Zl ) ? !(2n-l)( Zl / Z2 )!p(^ l) w ("^)(p-^ 2 /^) 



Z 



111 



(4t ,, ""' ,i (= 2 )4r" A "(- 1 )) (60) 

= Z2^ip {n ' k) (p~ 1 qz 1 /z 2 )(q-' t ' <g> (p -1 ^/^) 



iv 



(*r , " A "(-)*t ,i "" ,,i (^)) 

= ^'V"*)( t -V«i)«* < *- ,) («i/%)-*(«-* 8 l)w ( "*(P~Vi/^l) 
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Case 8 

Two point functions for the case 8 are obtained from the following 
ones by using the Dynkin diagram automorphism a 2 . 



(i) 



s a„_i (v«) 



(62) 



= zf s z 2 *ij ( - n ' k \p- 1 z 2 /z 1 ) 



x (-l) n - 1 gf( 2 "- 1 )(2 1 /2 2 )Vp(g-^ l)w^ k \p~ 1 z 2 /z 1 ) 



(63) 



m 



«r" i))2 (^)< fc,)iA - i (^)> 

= V n,, V(p~W<22)(<r* ® i)^ (n ' fe) (p _1 ^i/^) (64) 

(iv) 

<< fe))1 ^ 2 )< (w "~ 1))2 (^)> 

= zrM~V n,fc) (<rV*i) 

X (-l) n - 1 g3g fc (»- 1 )( Zl / Z2 )-T 1 (g-* <g> l^^W/^) 

where ^ n,k \z) is given by 



(65) 



n 



\ (q-^pzjz^e), 



(k = n- 1), 



(ife = n). 



Furthermore, m^, -u^ 2 ** and ■u/™'^^) are given as follows: 



«?> = (-9) 



in(n-l), 



«i 2) = (-g)^ {n - 1)( - 2) ^ + ®^i, 



28 

where v n is inductively defined by 

V n = V+-. <g> V n -i + {-qY n+1 V- + <g) Gn-lVn-l, Vl = V+- 



W—'{Z) = J2 C m"'{ Z ) W n 



m-l -2(j+l) 

ct k \z) = n 



3 

hi m I i— 1 



* (1 + g2n-2fc+4j^^ _|_ g 2ra-2fc+4j+2^;[ _ q2n-2k+2j^ 

((-i) n - k q n+k - m z y}, 

L J <j 

and is inductively defined by for n > 2 



x E{ n (i+g 2m -^)n(i+g 2n " 2fc+2m+2j ) 

i=0 i=0 j=0 



,(*) 



wr' = 



_(_ n \-n+k+2 

(1 + ^)( 1+g2fc+2) K- + ® ^ " (-?)- fc - 1 «-H- ® K^rf-^} 

+v ++ _®w { *l 1 (l<k<n), 

n \—n+k+2 

+«++_ <g> (l<A;<n), 

+u ++ _<g>ui°2 1 (fc = 0), 

4°) = (fc = 0), 

w i fc) = w£ fe) = (A; > n or fc < 0), 

for n — 1 

wf^ = w[ h ^ = (/c = 1), 

w[ k) = v ++ _, w[ k) = (k — 0), 
w « = tfW = (jfc ^ 0, 1). 

Here recursive formula of and are understood as similar to 
Section 2.5 and denotes an equivalent class represented by itself 
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in the space 

{V [n) <g> V {n ' ] <g> \/ (m) }/{kerT (fc) <g> V (m) } = V {k) <g> \/ (m) , 
where n' = Lp^ n \n — A;) and m = ip( n \k). 



5. Commutation relations 

We describe commutation relations of vertex operators and make a 
remark on difference equations for scalar functions which appeared in 
the commutation relations. 

From the explicit forms of two point functions, we can obtain the 
following theorem. 

Theorem 5.1. For any possible combination of weights (v, fj/,fx, A) 
(see Table 1 and 2 in Section 4-3), 



K v > - W&£ Vl (*i) 



r n (z 1 /z 2 )R^ + \z 1 /z 2 )^ v r(z 1 )^ 

^\z 2 )^f^\ Zl ) = T«\zjz 2 )*f»(z 1 )^\z 2 ), 



(67) 



K' 2 



y(k)*a 1 , 



z 2 )^ "( Zl ) = r^\ Zl / Z2 )-^f >ta ' v ( Zl )^ x v ' (z 2 ), (68) 
where r n ( Z ) and T^ k \z) are given by 

n{ ] \k^- 2 z-\e)^-^z-e)j 



(n) 



*) = { 



ft * Q e (-(-q) k ^z) 

ll©^ 2( _ ( _ ?)fe+ n-2^-l ) 



2 4 



n 



[e e (-(- q yi-*z-i) 



(1 < k <n — 2), 



(k = n-l), 



(k = n). 



To prove this theorem, it is enough to show that the vacuum expec- 
tation values of the both sides in commutation relations are exactly 
same. Indeed, by irreducibility of V(A) and V(v), if the vacuum ex- 
pectation values of both sides coincide, then the equality as operators 
on V(A) can be proved. 

This theorem gives us the explicit forms of the excitation spectra 
mentioned in Introduction. 
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We make a remark on a relation between difference equations for 
the scalar function r^ k '{z) and fusion procedure of finite dimensional 
(/^-modules (cf. §). 

Remark 5.1. The scalar factor r^ k \z) satisfies the following differ- 
ence equations: 
for n + k:even 

r^(z) = (-lj-fr^C^T^Cz), 
T ( k \ z ) = (-lj-i+V^C 1 ^"- 1 ^), 

for n + k:odd 

T ( k )( Z ) = (-l)-5(«- fc -l) r W( C -l /2 ) r (n-l)(^) ) 

r «( z ) = (-l)-3("- fc - 1 )r (n - 1 )(C~ 1 2)r (n) (C2), 

where we put ( = (—q) n ~ k ~ 1 . VFe can see correspondence between these 
equations and the following fusion procedure 

- V^l z (g) V c { r 1} - Vf ^ ® v£ } (n + fc : odd). 

6. Formulation of the model 

We will construct the transfer matrix, the creation and annihilation 
operators, in the same way as in 

In quantum symmetry approach, we define the space of states by 

A,/Lt6{A ,Ai,A„_i,A„} 

where 

Fx* ■= V(X) <g> V(fj,)* a = ttom m (V(ti), V(X)). 

Following [1], we complete the space in the topology of formal 
power series in q. From now on we denote the completed space by the 
same simbol T\^. 

The left C/ g (g)-module structure of can be written as 

x f = S x w f ° a ( s (2)) (/ e J~x,fj,i x e U q (g)), 

where A(x) = Z)x(i) (g> X(2). At the same time, we can define right 
module structure on by 

f X = J2 a ~ 1 ( x (2))°f°X(l), 
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and then we denote this right module by T£„. We have a natural 
pairing (cf. 0) 

which satisfies 

(fx\g) = (f\xg). 

In order to define "local operators" on our space of states, we consider 
vertex operator 

& xv(n) (z) : V(X) — > V(fj) <g> Vj k \ 
We fix the normalization of $^ y(n) (z) by 

®Z v M(\An) ® v (+,+,-,+)) = l A o> + " • • , 

and normalize the other vertex operators by using Dynkin diagram 
automorphisms. 

Then we can show the following formula (cf. 0) 



where 



nil £; £ )oo / \ 



n-1 . 

n(<? £ )oo / j j\ 

^ (,!:odd) ' 



These formulas can be proved by the explicit forms of two point func- 
tions in Section 4.4 in the same way as 0. 
By the formulas, we see that 

n Vin \z) : V(A) — ► V(fi) <g> Vjri 

is invertible (cf. 

We recall that, for any integral weight A of level one, there is a unique 
level one weight \i such that non-trivial vertex operator $^ (z) exists 
(see Section 4.1). We denote such \i by \( k \ For vertex operator 



±i 



QvV k a ^ we define ^(fc)* s i m ii ar iy. 
The row transfer matrix 
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is defined by the composition of the following operators 

V{\) V(fx)* a — > V(\ (n) ) V z (n) <g> V(fi)* a V{\W) <g> V{^ n) )* a , 

(70) 

where the first map is $ A ( ™ ) V ^ (z)®id and the second one is id (8>(^(!f) ' (z)Y- 

Since idym € we define |vac) A := idy(A)- In a similar way to 

0, we can show 

t a,a l vac /A = £|vac) A( „), 



from the next formula 



p(K^ (zWx 2 (*)» = <?, 

where 

p : yW^yW*" 1 — ► Q(g), 

The creation and annihilation operators are constructed by using 
type II vertex operators. We express vertex operators as follows: 

7" 

yffcj.a" 1 A (fc)» , \ * ,o ^=>( fc )*, 



2J> 



where and {vj} are dual basis of and V^* 1 and $ A fc )(z), $ A fc )*(^) G 
JF A A (fc)„. The creation operator 

is given by 

/ *$V)o/. 

The annihilation operator 
is defined by the adjoint of 



with respect to the pairing (|69|). 

Commutation relations of vertex operators (p7|) and ( p8|) lead the 
following relations between the transfer matrix and the creation and 
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annihilation operators: 

,(&)* / \thA("V(") (k)( I \ T (A( fc »*)<">,(iW ,((;)*, \ 

<^ ( i )v (z)T A)M = >(z 1 /z 2 )T^ k>j > $J (2), 

where (21/22) is given in the previous section. 

7. Appendix A 

We calculate the scalar function a^ 1,£2 \z) in and P^'^^z) in 
(|22|). We only consider a^ ,+ \z) and /3^ + ' + )(,2) for any even integer n. 
(The other cases can be calculated similarly.) 

7.1. Scalar function a^' + \z). The second inversion relation can be 
written as follows: 

(71) 

Let f n be a vector f i+ )®t>(_ i ... G Applying both sides 

in fl7T]) to v n , we can obtain the explicit form of a£~> + >(z). We will show 
that v n is an eigenvector for operators {q 2p ®l){R^ ,+ \^ 2 z) 11 )^ 1 {q^ 2p ® 
1) (resp. (i^ 4 "'" 4 "-^) -1 )* 1 ) and its eigenvalue is given by IliLi a(g 4l_4 ^ _2 2;) 
(resp. Ui^aiq^z- 1 )). 

By using the isomorphism (|16D , we see v n = t> + _®f n -i where t> n _i G 
Vn-\ <S> Vn-i- Taking transpose in the first component of the tensor 
product in the recursive formulae dl8|) , we can obtain recursive relations 
for R^'^'^Y 1 . In particular we have 

R^'+XzY'Vn = a(z)v + ^®R ( £i\q 2 zY 1 v n - 1 , (72) 
R^'-XzY'Vn = v + ^®R ( ^P(q 2 zY^ 1 , (73) 
where a(z) = q(l — z)/(l — q 2 z). Combining ([72]) with (|73|) , we find 

i^' 4 "^)* 1 ^ = a(z)t; + _ (g) ® i£j 2 + V*)^n-2, 

then 

li 

i?i + ' +) (z) 4l K) = I]a( 9 n)« + _®« + _®.-8t )+ _ 

i=l 

= IIa(g 44 - 4 z)t; n . 

i=i 
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Since (q~ 2p ® l)v n = g - ™*™ -1 )/ 2 -^, we obtain 

n 

(q 2p ® ^(R^iC^YT 1 ^ 2 " ® l)« n = ft a(g 4i " 4 r 

i=i 

We can similarly show 

{R^ + \z)- l rVn = \{a{ q ^z- l )v n , 
1=1 

by using the first inversion relation 

R^iz)- 1 = PR^' + \ Z - l )P (P : transposition). 
Applying both sides in (|71|) to t> n , we obtain 



2 

=1 



' (1- <r 4i+4 z)(l - g- 4n+4i 2) 

- 11 (J _ ^-^+2^)^ _ g -4n+4i+2 z ) • 

7.2. Scalar factor /^+>+)(». We can determine the explicit form of 
the scalar factor (3^ ,+ \z) in (f^) by using a4 + ' + )(z). 
We recall that 

® = /^' +) (*)4 +,+) (4 (74) 

and the factor (3^< + \z) is a solution of the following difference equation 
(see Section 2.3): 

^ + \z)^\z)-' = ^\r 2 z)-\ 

Then (3^< + \z) can be written as 

n 

oo 2 / 4n-4i-2 £2\ f „4i-2 . t2\ 

f=i r=i (r 4 ^;r)oo(g 4i 4 ^;£ 2 )oo 

for some constant c. Applying the both sides in ( [74] ) to ® 
f (+.... i+ ) we can determine the constant c. Indeed, from the explicit 
form of the modified universal R-matrix in (R|), we find 

« (+ ,.., +) ) 

= g -Er=i 7r(+) ^)® 7r(+) (^)( W(+ ... !+) ® + (higher degree of 2), 

and by direct calculation we have 
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On the other hand we obtain 

(3^+\z)R^ + Kz)v {+ ,.., +) ® = P<?> + \z)v i+ ,.., +) ® W(w) 

= cu( +> ... j+ ) ® U( +) ... j+ ) + (higher degree of z), 

then we see 

71 

c = q 4 . 
8. Appendix B 

We describe calculation of two point function of the case 1 in Section 
4.3. (The other cases can be calculated similarly.) In this case, n is an 
even integer and two point function is given by 

(*t"""' h (--2)*t |, "" ,, '( 2l )>. 

We denote this two point function by ^ n (zx, z 2 ). Here we remark that 
(cf- i) 

#n(zi,z 2 ) e V {+) V {+) <g> (zi/z 2 ) Aa «- Aa o <g> Q{q)[[zi/z 2 }}. (75) 

We can determine the explicit form of *& n (zi, z 2 ) by using Proposition 
4.3 and the following lemma. 

Lemma 8.1. If a vector v n in 

® A ' (ei) <hi, " >+1 Vn = 0, and wtw n = 0, 

/or aZ/ i = 0, 1, • • • , n, then v n is uniquely determined up to multiple 
constant. More exactly v n is given by 

v n = w+„ ® w n _i + {-qY n+l v_ + <g> a n _xV n -i, v x = 
Combining this lemma with Proposition 4.3, we can find 

^n(Zx, Z 2 ) = 1p n (zi, Z 2 )v n , (76) 

for some scalar function ip n (zx,z 2 ). As being described in 0, the two 
point function can be written as 

za) = z? An - AA °z? A °- AA ^ n (zx/z 2 ). 
Then the scalar function ip(zx, z 2 ) can be also written as 

M*i,*) = zf^^z^-^Mzx/z,), 

for some scalar function i[) n (z). Substituting ( [7E| ) to the q-KZ equation 
we have 

(pz) A ^i> n (pz)v n = z^^ n {z)(3 i r ^ + \pz)B i :^ + \pz){q- 2 ~ p ® l)v n , 

(77) 

where z = Zx/z 2 . 
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Lemma 8.2. 

R { +' + \z)(q^ ®1K = f n (z)v r , 



fn(z) = qi n \\> 



* (1 - q 4i ~ 2 z) ' 
Proof. Using the recursive relation 

v n = v + - ® u n _i + (-q)~ n+1 v^ + ® a n -iv n -i, 
we can easily show the following formula: 

4-'r ) (<T 2p ~' ® l)«n-l = [n - l] ff «n-l, (78) 

where X^t'i is given by (p0|) and p' = (2n — 4)u; 2 + (2n — 6)cl>3 + 
• • • + 2u> n -i (see Section 2.1). By using the recursive relation of the 
R-matrices in fll8|), we find 

R(+> + \z)(q- 2 ? ® l) Un =<T"+V- ® a(; 2 0ifoV*)Gr 2 ' ? ® l)u n _i 

+ (g) ^(^)i?ij 1 +) (g^)a n _ 1 X^r ) (g" V ® lK-i 

+ (-l)- n+1 v + ^^b(z)R^\q 2 z)a n ^xij+\q-^ ® l)a n ^v n ^ 

+ {-l)-^\_ + ®a{z)^-J+\q 2 z){q-^ ® lK^w 

Combining the above formula (|78|) with 

C n -l^n^'l H 2 ) = R-n-l (z:)a n -i, (Tn-iX^'i ^ = X n _'i cr„_i, 

and 

ff„-i(g~ v ® l) = (g~ 2p ' ® i)o-„_i, 

we have 

1 _ -2n+2 

(*)(<T 2 ' ® l)„ n =g" g 2 K_ ® ifc~V*)(<T V ® 

1 — q z z 

+ (-g)-" +1 t^+ ® ^ifeV^X'T 2 '' ® iK-i}- 

On the other hand, 

i?(+'-)(^)(g- 2 ^lK = g"- 1 t g _ z {v+- ® ifc +) (g 2 *) (q~ 2p ' ® lK-i 

g, an _ lJ R(+j 1 +) (g 2 ^)(g- 2p "' ® 

for any odd integer n. We obtain the eigenvalue / n (z) by using these 
recursive relation inductively. Q.E.D 
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By using this lemma, the q-KZ equation ([77]) can be reduced to the 
following difference equation: 

4> n (pz) = p' AA -(3 { n + ^\pz)f n (pz)'ljj n (z). 

Then we have 

oo 

M*) =cI[{p AAn fn(p i z)- 1 l3 n (p i z)- 1 } 



3=1 



oc 



(l-q u - 2 p>z) ' (g 4n -V^;^ 2 )oo(g 4i_ V^;C 2 )c 



oo _2_ (g-4i+y+l^ e 2 )oo(g 4,- y z . 

°M H (<r 4i+ V*; e)oo(g 4i -V +1 ^; £ 2 )oc 1 

C \l {q -M+2 pz . e)oo - 

By the property in (|T5D, we see that 

Then c is a constant. This constant c can be determined by the constant 
term of the two point function ^! n {z\/2z) = ip n (zi/ 'z2)v n . It is easy to 
know this constant term from the normalization of vertex operators 
(see Section 4.1) and we find 

Then we obtain the explicit form of the two point function. 

9. Appendix C 



We give explicit forms of isomorphisms of £/ ? (fj) -module in (p5 ) 

C± ) = V™ — ► K (fc) * a±1 (1 < < n - 2), 

though the existence of these isomorphisms is proved in |5[]. 

Let us recall that there exist the following isomorphisms of U q (g)- 
modules 

V^^V Kk ®V Kk 2 ®---®(V- Al oiV ) (fc = l,2,...n-2), 

(79) 

where V A . is denoted the irreducible i7 9 (fl)-module with highest weight 
A, (cf. ||). Here we know that if two irreducible finite-dimensional 
representations of U q (g) have the same highest weight then they are 
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isomorphic. For i = 1,2, ...n — 2, VJv i and (VJvJ* a±1 have the same 
highest weight, then there exists an isomorphism 

and this isomorphism is unique up to multiple constant. Thanks to the 
isomorphism (|79f) , we can write c£ as a linear combination of 6\±. 
Then we normalize Ci± and express the isomorphism C± by using 
them. Let us recursively define a vector x m by 

x m = v+- ® x m _i + (-g) m-1 i>_ + <g> CT m _iX m _i, Xi = 

where x m G V m + ^ <8> V^f) and if m is even (resp. odd) then e = 
+, (resp.—). By using x m , we recursively define (m < n) by 

( m ) ^ ( m ) \ 

= v ++ <g> y;4 >+ (n>m), 

( m ) ^ ( m ) ( ^ \ 

2/n - = w — ® ^n-iy„-i - (n > m), 

(m) (m) / \ 

Um,+ ~ Dm - — x m \ m — n )- 

We remark that 

y(k) = y{n) ^ V (n')/ kerT (k) (rf = ^ _ ^ 

and the equivalent classes represented by y^_ (resp. y^l) are the 

highest weight vector (resp. the lowest weight vector) in C/ 9 (fl)-module 
V\ n _ m . Let us normalize C i; ± (i — 1, 2, . . . , n — 2) by 

C'r i -m,±(Z/m,+ ) = ijn = 2, 3, . . . , 7l). 

By using these isomorphisms C{ ± (i = 1, 2, . . . , n — 2) we have 

[|] 

C± = ^m,±Cfc-2m,±- 
m=0 

By direct calculation we can show 

£ ± _ ^_^±m(2ra-2fc-2»n+l) J~J [2n — 2fc + 2j] g ^ ^ ^2n-2fc+4^ ^ | ^2n-2fc+4i+2-| 



i=0 



[2i + 2\ 



References 

[1] B. Davies, O. Foda, M. Jimbo, T. Miwa, and A. Nakayashiki: Diagonalization 
of the XXZ Hamiltonian by vertex operators, Comm. Math. Phys., 151, 
(1993), 86-153. 

[2] M. Idzumi, K. Iohara, M. Jimbo, T. Miwa, T. Nakashima and T. Tokihiro: 
Quantum affine symmetry in vertex models, Int. J. Mod. Phys., A, 8, (1993), 
1479-1511. 



39 



E. Date and M. Okado: Calculation of excitation spectra of the spin model 
related with the vector representation of the quantized affine algebra of type 
A ( n \ Int. J. Mod. Phys., A, 9, (1994), 399-417. 

E. Date M. Jimbo and M. Okado: Crystal base and q-vertex operators, 
Comm. Math. Phys., 155, (1993), 47-69. 

B. Davies and M. Okado: Excitation spectra of the spin models constructed 
from quantized affine algebras of type B„\ Dn\ Int. J. Mod. Phys., A, 11, 
(1996), 1975-2017. 

M. Okado: Quantum R matrix related to the spin representation of Bn \ Dn\ 
Comm. Math. Phys., 134, (1990), 467-486. 

S-J. Kang, M. Kashiwara, K. C. Misra, T. Miwa, T. Nakashima and A. 
Nakayashiki: Affine crystals and vertex models, Int. J. Mod. Phys. A, 7, Suppl. 
1A (1992) 449-484. 

O. Babelon, H. J. de Vega and C. M. Viallet: Exact excitation spectra of the 
Z n+l x Z n+ i generalized Heisenberg model, Nucl. Phys. B, 220, [FS8] (1983), 
283-301. 

T. Nakanishi: Fusion, mass and representation theory of the Yangian algebra, 
Nucl. Phys. B, 439, (1995), 441-459. 

E. Ogievesky, N. Yu. Rcshctikhin and P. Wiegmann: The principal chiral field 
in two dimensions on classical Lie algebras, Nucl. Phys. B, 15, (1987), 45-98. 
V. G. Kac: Infinite dimensional Lie algebras, 3rd ed., Cambridge University 
Press, Cambridge 1990. 



